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We study an analytical model of a Rashba nanowire that is partially covered by and coupled to a
thin superconducting layer, where the uncovered region of the nanowire forms a quantum dot. We
find that, even if there is no topological superconducting phase possible, there is a trivial Andreev
bound state that becomes pinned exponentially close to zero energy as a function of magnetic field
strength when the length of the quantum dot is tuned with respect to its spin-orbit length such
that a resonance condition of Fabry-Perot type is satisfied. In this case, we find that the Andreev
bound state remains pinned near zero energy for Zeeman energies that exceed the characteristic
spacing between Andreev bound state levels but that are smaller than the spin-orbit energy of the
quantum dot. Importantly, as the pinning of the Andreev bound state depends only on properties
of the quantum dot, we conclude that this behavior is unrelated to topological superconductivity.
To support our analytical model, we also perform a numerical simulation of a hybrid system while
explicitly incorporating a thin superconducting layer, showing that all qualitative features of our
analytical model are also present in the numerical results.
I. INTRODUCTION
Majorana bound states (MBSs) are zero-energy
quasiparticles that emerge at the boundaries of one-
dimensional (1D) topological superconductors [1–3], with
their non-Abelian statistics and topological protection
making these states highly sought for potential applica-
tions in topological quantum computing [1]. The theo-
retical proposal to engineer a topological superconductor
hosting MBSs in hybrid semiconductor-superconductor
structures [4, 5] has subsequently received extensive ex-
perimental attention. Following several experiments that
observed zero-bias peaks in the differential conductance
of such a hybrid system [6–10], much emphasis was
placed on improving the quality of the semiconductor-
superconductor interface [11]. This led to the develop-
ment of epitaxial interfaces between thin shells of alu-
minum (Al) and both hexagonal nanowires (either InAs
[12] or InSb [13]) and two-dimensional electron gases
(InAs) [14, 15], providing a very strong proximity effect
into the semiconductor. Experiments in both 1D [16–
20] and 2D [21, 22] setups consisting of a proximitized
nanowire coupled to a lead via a normal region that is
left uncovered by the superconductor (which we hence-
forth refer to as a “quantum dot”) have demonstrated
an ability to reliably generate coalescing Andreev bound
states (ABSs) that give rise to zero-bias conductance
peaks persisting over large ranges of applied magnetic
field strength, consistent with what one might expect to
observe in the presence of MBSs.
With the advent of hybrid experimental systems that
can be tuned [18, 20] to the strong-proximity regime,
there has been a recent theoretical emphasis placed on
realistic treatments of the proximity effect in this limit
while accounting for the small thickness of the super-
conducting shell. Studies based on an analytical tun-
neling Hamiltonian approach [23–25] have shown that
all material parameters (such as effective mass, g-factor,
and spin-orbit strength) of the semiconductor get signifi-
cantly renormalized toward their corresponding values in
the superconductor due to the strong proximity coupling
(similarly to studies assuming the superconductor to be
infinitely large [26–35]) and that all subbands within the
semiconductor experience very large shifts in their effec-
tive chemical potentials that are highly dependent on the
geometry of the superconducting shell. The combination
of these two effects makes it difficult to realize a topo-
logical phase in the strong-coupling limit before destroy-
ing superconductivity in the shell. Additionally, several
subsequent studies based on a numerical self-consistent
Schro¨dinger-Poisson approach [36–38] have also shown
that a great degree of fine tuning of experimental pa-
rameters is required to realize a topological phase in the
presence of a strong coupling to a thin superconducting
shell. Because it has been demonstrated that a hard su-
perconducting gap, which is required for the topological
protection of qubits encoded in MBSs, can only be exper-
imentally induced in the nanowire in the strong-coupling
limit [20], it is possible that the observed zero-bias con-
ductance peaks do not originate from MBSs.
Recently, an alternative explanation that the observed
zero-bias peaks are due to topologically trivial ABSs
originating within the quantum dot has been put forth
[39, 40]. These trivial ABSs have subsequently been
shown to also reproduce many experimental signatures of
topological MBSs beyond zero-bias conductance peaks,
such as quantized conductance, 4pi-periodic Josephson
effect, and a high degree of nonlocality as measured by
the coupling to a normal lead [41–46]. However, previ-
ous studies have been restricted to numerical simulations
and thus relatively little is known about precisely which
properties of the system are responsible for stabilizing
low-energy ABSs, though a common suggestion is that
smooth variations in either the chemical potential or pair-
ing potential are required [41–44] (note that such smooth
variations can also stabilize low-energy ABSs in the ab-
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2sence of a normal dot region [47–49]). Additionally, the
ABSs have always been shown to evolve into topological
MBSs [50–52] as the strength of the magnetic field is in-
creased, indicating that they could simply be a precursor
to a true topological phase. Finally, all previous studies
have considered effective (strict) 1D models that fail to
account for the significant modifications of the nanowire
by the proximity effect and the strong dependence of the
system properties on the geometry of the superconduct-
ing layer.
In this paper, we first consider a minimal analytical
model of a quantum dot/nanowire junction (see Fig. 1)
in which we take the proximitized region of the nanowire
to have no spin-orbit interaction (SOI). We show that
even in such a model in which there is never a topolog-
ical phase (due to the fact that there is no SOI in the
proximitized section of the wire), it is still possible to
have a low-energy ABS that persists over a large range
of magnetic field strength. This low-energy ABS is thus
purely a property of the quantum dot and not related to
topological superconductivity. Provided that the spin-
orbit energy Eso is the largest energy scale within the
dot region, we find that a low-energy ABS arises if the
chemical potential is tuned within the Zeeman gap and if
a Fabry-Perot-like resonance condition relating the spin-
orbit length and the dot length (L) is satisfied. In partic-
ular, we find that the presence of such an ABS is insen-
sitive to all other device properties and does not rely on
smooth variations of any parameter [45]. We also show
that the relevant energy scale determining the Zeeman
energy (∆Z) needed to pin the ABS exponentially close
to zero energy is the characteristic spacing between ABS
levels α/L (where α/~ is the Fermi velocity in the dot
region), such that the ABS remains pinned near zero en-
ergy for α/L . ∆Z . Eso. As the low-energy ABS is a
property only of the quantum dot, our analytical simpli-
fication of taking the proximitized section to have no SOI
is not crucial. Therefore, the physical mechanism that we
discuss giving rise to the ABS is present in much more
general cases than the experimentally relevant strong-
coupling limit.
We additionally perform numerical simulations of a
nanowire/superconductor hybrid system in which a re-
gion of the nanowire is left uncovered by the supercon-
ductor. As we explicitly incorporate a superconducting
layer with finite thickness, our numerical model accounts
for both the strong proximity coupling and the strong
dependence of the proximitized region on the geometry
of the superconductor, two crucial aspects of the system
that have been neglected in previous works. Consistent
with our analytical model, we find a low-energy ABS by
tuning the spin-orbit length to a resonant value with re-
spect to the dot length L, with no topological phase tran-
sition occurring due to the strong proximity coupling.
Crucially, we find that the presence of this ABS is insen-
sitive to the thickness of the superconducting layer and
the details of the proximity effect; as the properties of the
proximitized region of the nanowire, and thus the topo-
FIG. 1. A semiconducting Rashba nanowire (gray) of length
L + Ls is partially covered by a thin s-wave superconductor
(green) of thickness d and length Ls. Part of the nanowire
is left uncovered by the superconductor, forming a normal
quantum dot region of length L. A uniform magnetic field B
is applied parallel to the nanowire axis.
logical phase transition, are highly dependent on these
two quantities [23–25], this result further demonstrates
that the ABS is a property of the dot and unrelated to
any properties of the superconducting region. Finally,
we show that if the quantum dot is removed, there are
no ABSs present in the system at energies far below the
superconducting gap [49, 53].
The remainder of the paper is organized as follows. In
Sec. II, we present and solve a minimal analytical model
describing the nanowire/superconductor hybrid system.
In Sec. III, we discuss a numerical simulation of the hy-
brid system while explicitly incorporating the supercon-
ducting layer. We show that all of the qualitative features
of our analytical model are consistent with our numerical
results. Our conclusions are given in Sec. IV.
II. ANALYTICAL CALCULATION OF
ANDREEV BOUND STATE SPECTRUM
We consider a system shown in Fig. 1, where a Rashba
nanowire is partially covered by a superconductor. A
region of the nanowire of length L is left uncovered and
forms a normal quantum dot region with finite level spac-
ing. To gain insight into the physical mechanism respon-
sible for generating a low-energy ABS in such a system,
we consider a minimal model in which the proximitized
region of the nanowire has no SOI. While we focus on
the case where a nanowire with intrinsic SOI is strongly
coupled to a superconductor (thereby renormalizing the
SOI via the proximity effect), we emphasize that such a
model can apply to more general cases as well; e.g., the
minimal model can also describe a nanowire with no in-
trinsic SOI that is weakly coupled to a superconductor,
with local gates generating SOI only in the quantum dot
region. Through an analytical solution of the ABS spec-
trum in this model, we find that a low-energy ABS is
present if the chemical potential is tuned within the Zee-
man gap and if the length of the nanowire region that is
left uncovered by the superconductor (the quantum dot)
is finely tuned with respect to the spin-orbit length to
fulfill a resonance condition. Importantly, the presence
of the ABS is sensitive only to properties of the dot and
is therefore unrelated to topological superconductivity.
It was found in Refs. [23, 24] that a strong proxim-
3ity coupling causes a significant renormalization of semi-
conducting material parameters and generally induces a
large effective chemical potential shift in the nanowire,
which can push the topological phase transition to pro-
hibitively large magnetic field strengths. To capture
these features of the proximity effect, we consider an ef-
fective one-subband model to describe the system shown
in Fig. 1, Heff =
∫
dxΨ†(x)HeffΨ(x), where the Hamil-
tonian density is given by (~ = 1)
Heff = τ3
[
−∂x
(
1
2m(x)
∂x
)
− µ(x)−∆Z(x)σ1
]
+
i
2
[α(x)∂x + ∂xα(x)]σ3 −∆(x)τ2σ2,
(1)
Ψ(x) = [ψ↑(x), ψ↓(x), ψ
†
↑(x), ψ
†
↓(x)]
T is a Nambu spinor
of operators ψ†σ(x) [ψσ(x)] that create (destroy) a particle
of spin σ at position x in the nanowire, while σ1,2,3 (τ1,2,3)
are Pauli matrices acting in spin (particle-hole) space.
Note that the derivative operator in Eq. (1) acts on all
quantities to its right, e.g., ∂xαΨ = (∂xα)Ψ + α(∂xΨ),
to ensure the Hermiticity of the Hamiltonian [54, 55].
We assume that all parameters take different values
in the normal (−L < x < 0) and superconducting
(x > 0) regions of the nanowire [56]; note that we
take the superconducting region to be semi-infinite for
analytical calculations (Ls → ∞). In particular, due
to renormalization by the proximity effect, we neglect
the Rashba SOI α and Zeeman energy ∆Z = gµBB/2
(arising from an external magnetic field B applied par-
allel to the nanowire axis, with g the g-factor and µB
the Bohr magneton) in the superconducting region, such
that α(x) = αθ(−x) and ∆Z(x) = ∆Zθ(−x) [θ(x) is
a Heaviside step function] [57]. We neglect any orbital
effects arising from the magnetic field [58–60]. Pair-
ing is induced only in the superconducting region of
the nanowire, ∆(x) = ∆θ(x), while the mass is taken
as 1/m(x) = (1/m)θ(−x) + (1/ms)θ(x). The exter-
nal magnetic field is incorporated in the superconduct-
ing region through the suppression of the bulk proxim-
ity gap, ∆ = ∆0
√
1− (B/Bc)2 = ∆0
√
1− (∆Z/∆cZ)2,
where Bc is the critical field at which superconductiv-
ity is destroyed (we additionally define the Zeeman en-
ergy induced in the quantum dot at the critical field
as ∆cZ = gµBBc/2). Finally, the chemical potential of
the superconducting region is taken to be a large energy
scale, µ(x) = µθ(−x)+µsθ(x), where µs  ∆. We stress
that our model [Eq. (1)] does not have any topological
phase regardless of the strength of the applied magnetic
field due to the fact that α = 0 in the superconducting
region.
The normal quantum dot (−L < x < 0) is described by the Bogoliubov-de Gennes (BdG) equation[(
− ∂
2
x
2m
− µ
)
τ3 + iα∂xσ3 −∆Zτ3σ1
]
ψn(x) = Eψn(x). (2)
To simplify the calculation, we assume that the spin-orbit energy Eso = mα
2/2 is the largest energy scale in the
normal region (Eso  ∆Z , |µ|). A general solution to Eq. (2) to lowest order is then given by
ψn(x) = c1
 v+−u+0
0
 e−Ω+x/α + c2
 u+−v+0
0
 eΩ+x/α + c3
100
0
 ei[2kso+(E+µ)/α]x + c4
010
0
 e−i[2kso+(E+µ)/α]x
+ c5
 00v−
u−
 e−Ω−x/α + c6
 00u−
v−
 eΩ−x/α + c7
001
0
 e−i[2kso−(E−µ)/α]x + c8
000
1
 ei[2kso−(E−µ)/α]x,
(3)
where kso = mα is the spin-orbit momentum, c1−8 are unknown coefficients to be found by imposing boundary
conditions, u± = [sgn(E ± µ)/
√
2]
√
1 + iΩ±/(E ± µ), v± = (1/
√
2)
√
1− iΩ±/(E ± µ), and Ω± =
√
∆2Z − (E ± µ)2.
The superconducting region of the nanowire is described by the BdG equation[(
− ∂
2
x
2ms
− µs
)
τ3 −∆τ2σ2
]
ψs(x) = Eψs(x). (4)
Focusing only on subgap energies E < ∆, the general solution to Eq. (4) that decays in the limit x→∞ is given by
ψs(x) = e
−Ω∆x/vF
c9
u∆00
v∆
 eikF x + c10
 0u∆−v∆
0
 eikF x + c11
 0−v∆u∆
0
 e−ikF x + c12
v∆00
u∆
 e−ikF x
 , (5)
where kF =
√
2msµs is the Fermi momentum, vF =
√
2µs/ms is the Fermi velocity, u∆(v∆) =
4(1/
√
2)
√
1± iΩ∆/E, and Ω∆ =
√
∆2 − E2. Although
we focus on a model in which topological superconduc-
tivity is not possible (as we have fixed α = ∆Z = 0 in the
superconducting region), we note that Eq. (5) is valid to
leading order in the limit µs  Eso,s,∆Z,s even if αs 6= 0
and ∆Z,s 6= 0 in the superconducting region. Therefore,
the following calculation applies to any general case for
which µs  Eso,s,∆Z,s. We show in Appendix A that
similar results to those presented in this section can also
be found assuming the SOI and Zeeman energy to be
spatially uniform, emphasizing that the parameter renor-
malization caused by the proximity effect does not play
a crucial role.
To determine the spectrum of ABSs, we must impose
three boundary conditions [61, 62]. First, we impose that
the wave function vanishes at the free end of the system,
ψn(−L) = 0. Second, the wave function should be con-
tinuous at x = 0, ψn(0) = ψs(0). And third, the quasi-
particle current should be conserved, leading to the con-
dition vˆnψn(0) = vˆsψs(0), where vˆn = (−i∂x/m)τ3−ασ3
and vˆs = (−i∂x/ms)τ3 are the velocity operators [note
that this boundary condition can also be obtained by
directly integrating Eq. (1)]. These three boundary con-
ditions can be arranged as a single equation of the form
M~c = 0, where ~c is a vector of unknown coefficients and
M is a matrix (which is too cumbersome to spell out
here explicitly). This matrix equation has a nontrivial
solution if
det(M) = 0, (6)
and this solvability condition determines the spectrum of
the system.
In the absence of a magnetic field (∆Z = 0), the
ABS spectrum is given by solutions to the transcendental
equation [Eq. (6)]
0 = (α2 + v2F )Ω∆ cosχ− 2EαvF sinχ
− (v2F − α2)Ω∆ cos(2k¯FL),
(7)
where χ = 2EL/α and k¯F = (kF1 + kF2)/2; kF1 =
2kso+µ/α and kF2 = µ/α are the two Fermi momenta of
the Rashba spectrum. We note that Eq. (7) reproduces
the known ABS spectrum Ω∆ cosχ = E sinχ in the limit
of no Fermi velocity mismatch between the normal and
superconducting regions (α = vF ) [63]. Fermi velocity
mismatch acts as an effective sharp potential barrier at
the interface (x = 0) that introduces Fabry-Perot-like os-
cillations described by cos(2k¯FL). The number of ABSs
lying within the gap is determined by the length of the
quantum dot, as the spacing between ABS levels is given
by the energy scale α/L. Thus, for α/L  ∆, there are
many subgap states, while for α/L ∆, there is a single
subgap state. To see that there is always at least one sub-
gap ABS [64], let us examine the limit L/α → 0, where
the ABS energy should be near the gap edge. Expanding
E = ∆ − δE (with 0 < δE  ∆) and solving Eq. (7)
gives√
δE
∆
=
√
2vFαχ∆
α2[1 + cos(2k¯FL)] + v2F [1− cos(2k¯FL)]
, (8)
where χ∆ = 2∆L/α. As the right-hand side of Eq. (8) is
positive definite (and  1), a solution to Eq. (7) always
exists and there is always at least one spin-degenerate
subgap ABS.
In the presence of a magnetic field, the spin-degenerate
ABSs determined by Eq. (7) split, and it is possible to
have an ABS near zero energy even in the limit of a
short dot (α/L  ∆, or equivalently χ∆  1). We
now determine the conditions necessary for an ABS to
remain pinned near zero energy over a large range of
magnetic field strength. From the form of the wave func-
tion in Eq. (3), we see that the Zeeman energy enters
Eq. (6) at low energies (E → 0) through the factors
exp(±√∆2Z − µ2L/α). Thus, it is clear that these fac-
tors can lead to an ABS energy that decays exponentially
with ∆Z provided that the chemical potential is tuned
within the Zeeman gap (such that |µ| < ∆Z). Addi-
tionally, the Zeeman energy at which the ABS becomes
pinned near zero energy is minimized by tuning to µ = 0,
in which case the ABS energy is pinned for ∆Z  α/L.
To find under what conditions it is possible to have a
pinned ABS, let us expand Eq. (6) to lowest order in
the limits E, |µ|  ∆,∆Z , α/L while keeping only the
most relevant terms in the limit ∆Z  α/L [65]. After
expanding, we find a solvability condition given by
0 = 4∆2
[
2(v2F + α
2)− (v2F − α2) cos(2ksoL)eχZ/2
]2
− E2[16v2Fα2 + 8vFα(v2F + α2)χ∆ + (v2F − α2)2χ2∆]eχZ
+ 2µ∆χ∆ sin(2ksoL)e
χZ/2[2(v4F − α4)
− (v2F − α2)2 cos(2ksoL)eχZ/2],
(9)
where χZ = 2∆ZL/α.
From Eq. (9), we see that E = 0 is a valid solution for
the ABS energy only for a single value of ∆Z , thus corre-
sponding to a finely tuned zero-energy crossing. This be-
havior is very different than that of a semi-infinite topo-
logical superconducting nanowire, where a strict zero-
energy MBS persists for all field strengths exceeding the
topological phase transition.
While a strict E = 0 solution is possible for only a
single value of ∆Z , it is possible for a trivial ABS to per-
sist near zero energy over a wide range of magnetic field
strength. From Eq. (9), we see that this behavior is most
pronounced in the presence of Fermi velocity mismatch
(vF 6= α) at µ = 0 when cos(2ksoL) = 0, corresponding
to a finely tuned resonance condition determined solely
by the spin-orbit length 1/kso and the length of the quan-
tum dot L. When the resonance condition is satisfied, the
ABS energy is given by
E = (2α/L)e−∆ZL/α, (10)
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FIG. 2. (a) The ABS energy, found by numerically solving
Eq. (6) for ∆Z = 0.75∆
c
Z , oscillates as ksoL is varied. Points
marked in the plot correspond to the values of ksoL chosen in
panels (b)–(d). (b) When tuning to the resonance condition
cos(2ksoL) = 0, a subgap ABS energy is pinned exponen-
tially close to zero as a function of Zeeman energy ∆Z . The
dashed black curve corresponds to the asymptotic analytical
expression given in Eq. (10). (c), (d) When ksoL is tuned
away from the resonance value, the ABS energy is no longer
strictly pinned to zero. All plots were obtained for µ = 0,
vF = 10α, L = 604 nm, m = 0.02me, and ∆
c
Z/∆0 = 7.
where we have additionally assumed that vF  α [and
(vF /α)χ∆  1], though we note that this assumption
changes only the prefactors in Eq. (10) and does not affect
the exponential behavior [66].
If the system is slightly off-resonance with
cos(2ksoL) 6= 0, a constant shift of the ABS energy is
induced, given by (α/L)| cos(2ksoL)|, which remains
small as long as | cos(2ksoL)|  χ∆. If the system is on
resonance cos(2ksoL) = 0 but is tuned away from µ = 0,
this also induces a constant shift of the ABS energy
given by |µ|/2. While we consider in this section only
small deviations away from µ = 0, we show numerically
in Appendix A that the pinning behavior can withstand
larger deviations provided that one simultaneously alters
the resonance condition. Additionally, although we
obtain a sharp resonance condition in a calculation of
the spectrum at zero temperature, we note that this
resonance will be broadened by finite temperature and
a coupling to external leads in a transport experiment;
in this case, one should observe a zero-bias conductance
peak if the broadening is larger than the energy of the
ABS.
The results of our analytical calculation are summa-
rized in Fig. 2. In Fig. 2(a), we show by solving Eq. (6)
numerically that the energy of the subgap ABS oscil-
lates as a function of ksoL. Furthermore, we show in
Fig. 2(b) that if the system is tuned to the resonance
condition cos(2ksoL) = 0 (assuming µ = 0), the ABS be-
comes pinned near zero energy as a function of Zeeman
energy ∆Z as predicted in Eq. (10). As ksoL is tuned
away from resonance, the ABS becomes less pinned as
shown in Figs. 2(c-d). Thus, within our analytical model
we have shown that an ABS can be pinned near zero
energy for α/L  ∆Z  Eso. While these are rather
stringent restrictions on the spin-orbit strength, we show
in Appendix A by numerically diagonalizing the model
defined in Eq. (1) that these inequalities can be loosened
to α/L . ∆Z . Eso while retaining the same qualitative
behavior obtained analytically.
This hierarchy of energy scales forms the central re-
sult of our paper, as it allows us to place bounds on the
range of Zeeman fields over which a pinned ABS can
be observed. It is also worth emphasizing that these
bounds are consistent with experimental observations in
epitaxial Al setups, where a zero-bias peak is typically
observed for field strengths ∼ 1 T [16–19]. Assuming
a spin-orbit energy for a typical semiconducting (InAs
or InSb) nanowire of about Eso ∼ 1 meV (which corre-
sponds to a spin-orbit strength α ∼ 0.8 eV A˚) and a g-
factor g ∼ 20 [11], and given that a typical quantum dot
length is L ∼ 150 nm [19], the magnetic field strengths
over which a pinned ABS can be observed are roughly
given by 0.5 T . B . 3 T, consistent with experimental
observations.
III. NUMERICAL CALCULATIONS
In this section, we perform numerical simulations of
the hybrid system presented in Fig. 1. We find that even
when we incorporate the superconductor explicitly, all
of the qualitative features of our analytical model from
Sec. II are reproduced in the numerical results. Specif-
ically, we show explicitly how the system can be fine
tuned to a regime in which there is a low-energy ABS and
demonstrate that this ABS is sensitive only to properties
of the quantum dot. Finally, we show that if the quantum
dot is removed from the system so no low-energy ABSs
can form, no zero-energy states are present because the
strong proximity coupling drives the topological phase
transition to field strengths exceeding the critical field of
the superconducting layer.
We consider a discretized model described by
H = Hw +Hs +Ht. (11)
The Hamiltonian of the nanowire, which we take to be a
strictly 1D system with open boundaries, is given by
Hw =
L+Ls−1∑
x=1
[
b†x(2tw − µ−∆Zσ1)bx
− {b†x(tw − iασ3/2)bx+1 +H.c.}
]
,
(12)
where bx = (bx,↑, bx,↓)T is a spinor of operators b†x,σ (bx,σ)
that create (destroy) an electron of spin σ at site x within
the nanowire, which has length L+Ls, and tw = 1/2m is
the hopping amplitude (we set the lattice spacing a = 1).
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FIG. 3. (a) We first fix ∆Z = 0.75∆
c
Z and find that the
energy E of the lowest subgap ABS oscillates as a function
of spin-orbit strength α. The solid blue curve corresponds to
µ = 0 while the dashed green curve corresponds to µ = −3∆0.
The resonance condition, which is determined by points at
which the energy of the ABS pass through zero, is altered by
changes in µ. (b) For µ = 0, we tune to the resonant value
α/tsc = 0.538 [as indicated in panel (a)] and find an ABS
(red) that is pinned near zero energy over a large range of
Zeeman energy ∆Z . Higher energy states are shown in black.
(c) For µ = −3∆0, we tune to a different resonant value
α/tsc = 0.575 and again find a pinned ABS. (d) Tuning away
from the resonant value of α, we find that the ABS is no longer
pinned to zero energy. All plots are obtained numerically
by diagonalizing Eq. (11) for L = 300, Ls = 2001, d = 51,
µsc/tsc = 0.1, ∆0/tsc = 0.001, tw/tsc = 5, t/tsc = 0.25, and
∆cZ/∆0 = 7.
[Note that α in Eq. (12) is the same as that in Eq. (1) due
to the choice a = 1.] The superconductor is described by
a BCS Hamiltonian with constant s-wave pairing poten-
tial,
Hsc =
L+Ls−1∑
x=L+1
d−1∑
y=1
[
c†x,y(4tsc − µsc)cx,y − {tscc†x,ycx+1,y
+ tscc
†
x,ycx,y+1 + ∆c
†
x,y,↓c
†
x,y,↑ +H.c.}
]
,
(13)
where cx,y = (cx,y,↑, cx,y,↓)T is a spinor of operators c†x,y,σ
(cx,y,σ) that create (destroy) an electron of spin σ at
site (x, y) within the superconductor. Again, the su-
perconductor is taken to have open boundaries (d is the
thickness), and the magnetic field is incorporated only
through the suppression of the pairing potential such that
∆ = ∆0
√
1− (∆Z/∆cZ)2. We note that ∆ here is the
pairing potential of the superconducting layer, whereas
the ∆ appearing in Sec. II represented the proximity-
induced superconducting gap in the bulk of the nanowire.
The nanowire and superconductor are coupled via local
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FIG. 4. Probability density |ψx,y|2 of the low-energy ABS
(a) within the nanowire (y = 1) and (b) within the supercon-
ductor (with a line cut taken along x = 350). Because d is
much smaller than the superconducting coherence length, the
wave function does not decay in the y-direction. The total
weight of the wave function within the quantum dot is 0.32,
the total weight in the proximitized nanowire region is 0.11,
and the total weight in the superconductor is 0.57. Parame-
ters are the same as in Fig. 3(b), with ∆Z/∆0 = 5.
spin-conserving tunneling of the form
Ht = −t
L+Ls−1∑
x=L+1
{c†x,1bx +H.c.}, (14)
where t is the hopping amplitude between the nanowire
and superconductor, which parametrizes the strength of
the proximity coupling.
To determine how to tune the system to observe an
ABS pinned to zero energy, we first fix the magnetic field
strength relatively close to the critical field of the super-
conductor and calculate the energy of the lowest subgap
ABS as a function of spin-orbit strength α. As the pin-
ning behavior is optimized for µ = 0, we assume that
the chemical potential is tuned in such a way. Consis-
tent with the analytical model of Sec. II and as shown in
Fig. 3(a), the energy of the subgap ABS depends on α in
an oscillatory way, with the energy passing through zero
only for specific values of α. After fixing α such that the
ABS energy is small (i.e., after fine-tuning the system so
there is a low-energy state), we then calculate the full
ABS spectrum as a function of field strength. As shown
in Fig. 3(b), we find for this specific value of α that the
ABS is pinned near zero energy for a large range of field
strength [67]. Note that no topological phase transition
occurs in Fig. 3(b), as this requires a field strength that
exceeds the critical field of the superconductor, B > Bc
(we also show this explicitly in Appendix B). For the cho-
sen parameters (which are given in the caption of Fig. 3),
we find that the ABS becomes pinned near zero energy at
a Zeeman energy of about ∆Z ≈ 4∆0 and remains pinned
all the way up to ∆cZ . This is also consistent with the
analytical results of Sec. II, where it was shown that the
ABS is pinned for Zeeman energies α/L . ∆Z . Eso;
for the parameters of Fig. 3, these energy scales corre-
spond to α/L ≈ 1.8∆0 and Eso ≈ 2∆cZ . Additionally,
we show in Fig. 3(c) that a pinned ABS can also be ob-
served when the chemical potential is detuned away from
µ = 0. We plot the probability density of the ABS within
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FIG. 5. Changing the thickness of the superconductor d and
the strength of the proximity coupling t does not affect the
pinning of the ABS despite significantly altering the proper-
ties of the nanowire region contacted by the superconductor,
thus, indicating that the ABS is a property of the quantum
dot. Parameters are the same as in Fig. 3(b), with the excep-
tion d = 46 in panel (a) and t/tsc = 0.15 in panel (b).
the nanowire in Fig. 4, showing that most of the weight
within the nanowire is concentrated in the quantum dot;
however, we also find that the wave function of the ABS
is roughly spread equally between the nanowire and the
superconducting layer.
To check the analytical result that the presence of a
low-energy ABS is sensitive only to parameters of the
normal dot region, we can test the robustness of the ABS
to variations in both the thickness d of the superconduct-
ing layer as well as the strength of the proximity coupling
t [68]. It was shown in Refs. [23, 24] that all properties
of the region of nanowire coupled to the superconduc-
tor are highly dependent on both the thickness d and the
tunneling strength t. In particular, the effective chemical
potential shift, and therefore the field strength at which
a topological phase transition occurs, can vary greatly
depending on the precise value of d, while the renormal-
ization of material parameters is weakened as t is made
smaller. However, as shown in Fig. 5, we find that vary-
ing the thickness d [Fig. 5(a)] and tunneling strength t
[Fig. 5(b)] has no appreciable effect on the pinning of the
ABS. As changing these parameters drastically alters the
topological properties of the system (see Appendix B for
a more detailed discussion), we can conclude that the
presence of a low-energy ABS is determined entirely by
the properties of the dot region [69].
In further support of this conclusion, we also calculate
the spectrum of the system in the absence of a quantum
dot (L = 0). As shown in Fig. 6, there are no low-
energy states in this case because the topological phase
transition occurs for magnetic field strength B > Bc. As
a result, one essentially observes only the closing of the
energy gap in the superconducting layer. Note that there
is one subgap ABS, but this state remains very close to
the gap edge, consistent with the findings of Refs. [49, 53].
IV. CONCLUSIONS
We studied a nanowire/superconductor hybrid system
in which a region of the nanowire is left uncovered by
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FIG. 6. Removing the quantum dot eliminates all low-energy
ABSs from the system. No zero-energy states are observed be-
cause the topological phase transition corresponds to a mag-
netic field strength exceeding the critical field of the super-
conductor. Parameters are the same as in Fig. 3(b), with the
exception L = 0.
the superconductor and forms a quantum dot, a geom-
etry that has been studied extensively in many recent
experiments [16–20]. By considering a simple analyt-
ical model that incorporates the strong-coupling prox-
imity effect [23, 24], we showed that an ABS can be
pinned exponentially close to zero energy, thus mimick-
ing a topological zero-energy MBS, if the chemical poten-
tial is tuned within the Zeeman gap and if the spin-orbit
length is tuned with respect to the dot length L such
that a resonance condition is satisfied. If this resonance
condition is satisfied, the ABS will be pinned near zero
energy for Zeeman energies α/L . ∆Z . Eso, where α/L
is the characteristic spacing between ABS levels and Eso
is the spin-orbit energy of the dot. Therefore, this ABS
is purely a property of the quantum dot and unrelated
to details of the proximity effect, and, for this reason,
the physical mechanism giving rise to the ABS also ap-
plies to much more general cases than the experimentally
relevant strong-coupling limit.
To supplement our analytical model, we also performed
a numerical simulation of the hybrid system while explic-
itly incorporating the superconducting layer, thus going
beyond the strict 1D models of Refs. [39–44]. We found
that all of the qualitative features of our analytical model
are also reproduced in the numerical results. Namely, we
showed that if one first tunes the spin-orbit length such
that a low-energy state is present at large magnetic field
strength (corresponding to the resonance condition), one
then generically finds that this ABS remains pinned close
to zero energy over a large range of field strength. Addi-
tionally, we showed that the presence of this low-energy
ABS is insensitive to both the thickness of the supercon-
ducting layer and the strength of the proximity effect,
thus indicating that it is a property of the quantum dot
rather than the proximitized region of the nanowire. Fi-
nally, we showed that if the quantum dot is removed, no
low-energy ABSs are present in the system.
Our results demonstrate how easily one might be able
to tune an experimental system (like that studied in
8Refs. [16–20]) to observe a trivial ABS pinned close to
zero energy. As we have shown, if the voltages of the
tunnel (contacting the quantum dot region) and back
(contacting the nanowire) gates are tuned simultaneously
(i.e., if the spin-orbit strength, quantum dot size, and
chemical potential are tuned simultaneously) such that
there is a low-energy state for magnetic field strengths
near the critical field of the superconductor, one will gen-
erally then observe the pinning of a trivial ABS close to
zero energy even in the absence of a topological phase
transition, provided that the required separation of en-
ergy scales is satisfied. While we have obtained a sharp
resonance condition by calculating the spectrum at zero
temperature, it is worth noting that in a transport exper-
iment this resonance can be broadened by finite temper-
ature and the coupling to external leads [22, 70–74], thus
increasing the likelihood of observing a pinned ABS. To
avoid such low-energy trivial ABSs, it would be benefi-
cial to remove the quantum dot from the system entirely
[75]. The observation of a zero-energy state emerging as
a function of magnetic field strength in this case would
constitute a stronger local signature of a true topological
MBS than a similar observation in the current experi-
mental setup [76].
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Appendix A: Numerical solution of effective 1D
model
In this Appendix, we numerically solve the minimal
analytical model defined by Heff in Eq. (1). Crucially,
we demonstrate that the strong inequalities determining
the ABS pinning obtained analytically, α/L  ∆Z 
Eso can be relaxed to α/L . ∆Z . Eso while retaining
the same qualitative behavior. We again stress that the
model considered here is distinct from that considered in
Sec. III and is not restricted to describe a hybrid device
in the strong-coupling regime.
The discretized version of the Hamiltonian Heff in
Eq. (1) reads
H¯eff =
L+Ls−1∑
x=1
[
c†x(tw,x+1/2 + tw,x−1/2 − µx
−∆Z,xσ1)cx − {c†x(tw,x+1/2
− iαx+1/2σ3/2)cx+1 + ∆xc†x,↓c†x,↑ +H.c.}
]
,
(A1)
where cx = (cx,↑, cx,↓)T is a spinor of operators c†x,σ (cx,σ)
that create (destroy) an electron of spin σ at site x, and
we again set the lattice constant a = 1. As in Eq. (1),
we assume that all parameters take different values in
the normal and superconducting regions of the nanowire,
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FIG. 7. (a) At ∆Z = 0.75∆
c
Z , the energy E of the lowest
subgap ABS varies as a function of ksoL. Consistent with the
resonance condition found analytically in Sec. II, the ABS
energy becomes small near cos(2ksoL) = 0. (b) Tuning to
the resonant value 2ksoL/pi = 5.49, we find an ABS (red)
that is pinned near zero energy over a large range of Zeeman
energy ∆Z . (c-d) Away from the resonant value [we take
2ksoL/pi = 5.46 in panel (c) and 2ksoL/pi = 5.04 in panel
(d)], the ABS is no longer pinned near zero energy. All plots
are obtained by numerically diagonalizing the Hamiltonian of
Eq. (A1) for L = 300 nm, Ls = 2 µm, µs = 2 meV, µ = 0,
∆0 = 0.25 meV, ts = 20 meV, tw = 100 meV, and ∆
c
Z = 1.75
meV. Note that 2ksoL/pi = 5.49 corresponds to a spin-orbit
energy Eso = 2.06 meV, and that the lattice constant is taken
to be a = 5 nm so that L = 60a and Ls = 400a.
where the boundary is taken at Lb = L + 1/2: αx =
αθ(Lb − x), ∆Z,x = ∆Zθ(Lb − x), tw,x = twθ(Lb − x) +
tsθ(x − Lb), ∆x = ∆0
√
1− (∆Z/∆cZ)2θ(x − Lb), and
µx = µθ(Lb − x) + µsθ(x−Lb). Note that the Heaviside
step function is defined such that θ(0) = 1/2.
As shown in Fig. 7(a), we are able to reproduce nu-
merically the resonance condition cos(2ksoL) = 0 (for the
case µ = 0) that was found analytically in Sec. II. When
the SOI strength is tuned to its resonant value, we ob-
tain an ABS that is pinned near zero energy over a large
range of Zeeman energy ∆Z [Fig. 7(b)]. We note that
when the resonance condition is satisfied for the param-
eters of Fig. 7(b), the ABS is pinned between ∆Z ≈ 4∆0
and ∆Z ≈ 7∆0. Comparing with α/L = 1.9∆0 and
Eso = 8.3∆0, we see that the strong inequalities obtained
analytically to describe the range of Zeeman energy over
which the ABS is pinned can be relaxed to weaker in-
equalities α/L . ∆Z . Eso. This is also consistent with
the numerical results of Sec. III. However, note that be-
cause the energy range α/L to Eso is rather small, a
pinned ABS is present only for the single resonant value
shown in Fig. 7(a). Away from resonance, the ABS is no
longer pinned near zero energy, as shown in Figs. 7(c-d).
Next, we show in Fig. 8 that if the chemical potential
is detuned away from µ = 0, a new resonance condition
must be satisfied to see a pinned ABS, consistent with
the numerical results presented in Fig. 3(c).
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FIG. 8. (a) Energy spectrum found by diagonalizing the
Hamiltonian in Eq. (A1) in the absence of the SOI (α = 0),
with the lowest energy ABS shown in red. (b) For α/tw =
0.26, an ABS crosses zero energy for a single value of ∆Z . (c)
For α/tw = 0.2827, an ABS is pinned near zero energy over a
large range of ∆Z . (d) For α/tw = 0.31, an ABS stays away
from zero energy for all values of ∆Z . All remaining param-
eters are the same as in Fig. 7, with the exception µ = 0.1
meV.
While we showed in Fig. 7 that a pinned ABS can
be obtained for α/L . ∆Z . Eso, this was true only
for a single value of 2ksoL/pi. Based on the analytical
calculation presented in Sec. II, it should be possible to
have a pinned ABS for additional values of 2ksoL/pi if the
energy range α/L to Eso is expanded. We show that this
statement holds numerically in Fig. 9, where we plot the
energy of the ABS as a function of ksoL for the Zeeman
energies ∆Z = 0.75∆
c
Z and ∆Z = 0.9∆
c
Z . Because the
ABS energy goes to zero for 2ksoL/pi ∈ (Z + 1/2) for
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FIG. 9. The energy E of the ABS goes to zero for both ∆Z =
0.75∆cZ (solid blue curve) and ∆Z = 0.9∆
c
Z (dashed green
curve) at the same values of ksoL, indicating a pinned ABS at
all resonant values over the range of the plot. Furthermore,
the resonant values occur when cos(2ksoL) = 0, consistent
with the analytical results of Sec. II. This plot was obtained by
numerically diagonalizing Eq. (A1) with L = 750 nm, Ls = 2
µm, µs = 2 meV, µ = 0, ∆0 = 0.25 meV, ts = 2 eV, tw = 10
eV, and ∆cZ = 1.75 meV. Note that the lattice constant is
taken to be a = 0.5 nm so that L = 1500a and Ls = 4000a.
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FIG. 10. When material parameters are spatially uniform, it
is also possible to obtain a pinned ABS. This plot is obtained
by diagonalizing Eq. (A1) with αx = α, ∆Z,x = ∆Z , and
tw,x = tw. We additionally choose L = 500 nm, Ls = 5
µm, µs = 2 meV, µ = 0, ∆0 = 0.25 meV, tw = 100 meV,
∆cZ = 1.75 meV, and Eso = 2.13 meV. The lattice constant
is taken as a = 5 nm so that L = 100a and Ls = 1000a.
both values of ∆Z over the whole range of the plot, a
pinned ABS exists at each resonant value. This confirms
the analytical statement that a pinned ABS occurs when
cos(2ksoL) = 0 provided that α/L ∆Z  Eso.
While we have to this point considered the case where
the superconducting region does not have SOI or Zeeman
energy (corresponding strictly to the analytical model
considered in Sec. II), we also noted previously that the
analytical calculation is valid for any general case for
which µs  Eso,s,∆Z,s. To illustrate this numerically,
let us consider the Hamiltonian of Eq. (A1) assuming that
the SOI, Zeeman energy, and hopping amplitude are uni-
form throughout the nanowire; i.e., αx = α, ∆Z,x = ∆Z ,
and tw,x = tw, while we keep ∆x and µx as defined below
Eq. (A1). As shown in Fig. 10, we also find a pinned ABS
in this case; note that no topological transition occurs in
Fig. 10 because µs > ∆
c
Z .
Appendix B: Bulk spectrum and topological
phase transition
In Sec. III of the main text, we argued that the insen-
sitivity of the pinning of the subgap ABS to variations in
the superconductor thickness d and tunneling strength t
indicate that the ABS is a property of the quantum dot
rather than the proximitized region of the nanowire. In
this appendix, we support this claim by showing explic-
itly how the topological properties of the system depend
on both the thickness d and tunneling strength t. This
was studied extensively in Refs. [23, 24] but we include a
brief overview here for completeness.
To study how the proximitized region of the nanowire
is affected by the strong proximity coupling, we can ex-
amine the bulk spectrum of this region. To access the
bulk spectrum numerically, we assume that both the
nanowire and superconductor are infinitely long (and
therefore that there is no quantum dot region). We can
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FIG. 11. Top panels: Bulk spectra obtained by numerically diagonalizing Eq. (B1) for an infinite system with no quantum dot
and for ∆Z = 0. Note that we plot only the lowest subband of the spectrum in each case. Bottom panels: Spectra obtained by
numerically diagonalizing Eq. (11) in a finite system (with a quantum dot). To access large magnetic fields, we take Bc →∞.
(a) Top: In the absence of a magnetic field, we find that the proximity effect significantly reduces the spin-orbit energy of
the nanowire and induces an effective chemical potential shift. Bottom: The evolution of the spectrum with Zeeman energy
reveals a topological phase transition at ∆Z ≈ 25∆0, beyond which there is a topological MBS (green). The pinning of the
ABS (red) near zero energy observed in Fig. 3(b) is also seen here between ∆Z ≈ 4∆0 and ∆Z ≈ 7∆0. (b) Top: Changing
the superconductor thickness d leads to significant change in the effective chemical potential of the proximitized nanowire.
Bottom: Due to a larger effective chemical potential, the topological phase transition is shifted to much higher Zeeman energy
∆Z ≈ 70∆0. However, the behavior of the trivial ABS remains unchanged. (c) Top: Reducing the tunneling strength t leads
to approximately the same chemical potential shift, but the renormalization of the spin-orbit energy is also reduced. Bottom:
For weaker coupling t, the g-factor of the proximitized nanowire is larger (i.e., it is less renormalized) and a topological phase
transition occurs at smaller Zeeman energy ∆Z ≈ 8∆0. Again, the behavior of the ABS before the topological transition
remains unchanged. All plots are obtained for µsc/tsc = 0.1, µ = 0, α/tsc = 0.538, ∆0/tsc = 0.001, tw/tsc = 5, and ∆
c
Z →∞.
Plots in the bottom panels additionally have L = 300 and Ls = 2000. The superconductor thickness d and tunneling strength
t of each panel are specified in the figure [(a) d = 51, t/tsc = 0.25, (b) d = 46, t/tsc = 0.25, and (c) d = 51, t/tsc = 0.15].
then define a conserved momentum k along the nanowire
axis and describe the system by the Hamiltonian
H =
∑
k
{
b†k[2tw(1− cos k)− µ−∆Zσ1 − α sin kσ3]bk
+
d−1∑
y=1
[
c†k,y[2tsc(2− cos k)− µsc]ck,y − [tscc†k,yck,y+1
+ ∆c†−k,y,↓c
†
k,y,↑ +H.c.
]
− t[c†k,1bk +H.c.]
}
,
(B1)
which is simply the Fourier transformed version of
Eq. (11).
First, we consider the parameters used to generate
Fig. 3(b), with a superconductor thickness d = 51 sites
and a tunneling strength t = 0.25tsc. The bulk spectrum
for this case in the absence of a magnetic field (∆Z = 0)
is plotted in the top panel of Fig. 11(a). Due to the
strong proximity coupling, the spin-orbit energy is sig-
nificantly renormalized; for t = 0 the spin-orbit energy
is Eso = 14.5∆0, while for t = 0.25tsc the spin-orbit
energy is only Eso = 0.2∆0. Additionally, the prox-
imity coupling induces an effective chemical potential
shift that is comparable to the induced superconducting
gap. The combination of a chemical potential shift and
strong renormalization of the nanowire g-factor pushes
the topological phase transition to very high magnetic
field strength. This can be seen in the bottom panel of
Fig. 11(a), where we calculate the spectrum of a finite
nanowire with a quantum dot and set Bc → ∞ to allow
for arbitrarily large fields without destroying supercon-
ductivity (while this is certainly unrealistic physically,
we do so only to determine the field corresponding to the
topological transition). We see that the topological tran-
sition in this case occurs near ∆Z ≈ 25∆0, and we also
see the pinned ABS between ∆Z ≈ 4∆0 and ∆Z ≈ 7∆0
that appeared in Fig. 3(b).
Changing the thickness of the superconducting layer
to d = 46 sites induces a substantially larger effective
chemical potential shift, as can be seen in the top panel
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of Fig. 11(b). Due to the much larger effective chemical
potential, the topological transition is then pushed to sig-
nificantly higher magnetic field strength (∆Z ≈ 70∆0),
as can be seen in the bottom panel of Fig. 11(b). How-
ever, despite significant changes to the proximitized re-
gion of the nanowire, the behavior of the trivial ABS that
originates in the quantum dot region remains essentially
unaffected by the change in thickness d.
Reducing the tunneling strength between the nanowire
and superconductor to t = 0.15tsc leads to roughly the
same chemical potential shift, but the parameters of the
nanowire are significantly less renormalized by the prox-
imity effect, as can be seen by examining the spin-orbit
splitting of the spectrum in the top panel of Fig. 11(c).
Due to a larger g-factor, the topological phase transition
is then pushed to smaller Zeeman energy (∆Z ≈ 8∆0) in
the weaker proximity case, as shown in the bottom panel
of Fig. 11(c). Again, though, the behavior of the trivial
ABS (before the topological transition) is unaffected by
the change in tunneling strength.
Beyond the topological phase transitions in the bottom
panels of Fig. 11, a topological MBS emerges at each end
of the system (shown in green). Due to the finite length
of the nanowire and the large magnetic field strength
required to reach the topological phase, the two MBSs
have significant overlap and, as a result, the MBS energy
is finite and oscillates as a function of ∆Z [71, 77]. Com-
paring, for example, the bottom panels of Fig. 11(b) and
Fig. 11(c), we see that it could be difficult to distinguish
whether a bound state whose energy oscillates as a func-
tion of ∆Z is an ABS or a MBS. From Fig. 11, however,
we find two distinguishing features. First, the period of
the MBS oscillations is significantly shorter than the pe-
riod of the ABS oscillations, as can be seen in all three
panels of Fig. 11. Second, the amplitude of the ABS os-
cillations decreases as a function of ∆Z [seen clearly in
Fig. 11(b)] while the amplitude of the MBS oscillations
increases as a function of ∆Z [seen clearly in Fig. 11(c)].
In this Appendix, we have demonstrated that while the
topological properties of the nanowire/superconductor
hybrid system (and by extension the properties of the
proximitized region of the nanowire) are highly depen-
dent on both the superconductor thickness d and the
tunneling strength t, the pinning of the low-energy ABS
(between ∆Z ≈ 4∆0 and ∆Z ≈ 7∆0) is unaffected by
these two parameters. As discussed in the main text,
this is very strong evidence that the low-energy pinning
of the ABS is related only to the quantum dot region and
is unrelated to any topological properties of the system.
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